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1. Introduction
The application of the holographic duality towards understanding theories that are
at finite density and may be in the universality class of strongly coupled systems has
been made much progress [1, 2]. Of particular interests is quantum criticality, which
is crucial for interpreting a wide variety of experiments. A large class of critical
points in condensed matter are characterised by two scaling exponents, known as the
dynamical critical exponent z and the hyperscaling violation exponent θ.
Such exponents appear in holographic saddle point solutions. Lifshitz scaling so-
lutions have been discussed first in [3] (for a recent review see [4]), while hyperscaling
violating solutions were recognized in [5, 6].
The duality provides a natural framework to describe those quantum critical
systems. The metric in the gravitational dual description takes the form
ds2 = r
2θ
d
(
−dt
2
r2z
+
L2dr2 + d~x2
r2
)
, (1.1)
with d~x2 = dx21 + · · ·+dx2d and d the number of spatial dimensions in the field theory.
The scaling geometry possesses the property
r → λ r, t→ λz t, xi → λxi, ds2 → λ 2θd ds2, (1.2)
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where λ is a dimensionless constant. Therefore, z characterises the deviation from
the Lorentz invariant and θ characterises the deviation from the scale invariant limit.
Aspects of hyperscaling violating geometry and its realisation in various gravity mod-
els have been widely discussed in the literature, see for example [5, 6, 7, 8, 9, 10, 11]
and references therein. Those geometries with hyperscaling violation are usually
considered as the infrared (IR) limit of some kind of bulk solutions that asymp-
totically approach AdS in the boundary. Due to the presence of nontrivial scaling
exponents, there are novel behaviours relative to the AdS counterpart, see for exam-
ple [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]. In particular, it was
found that the recent pnictide data [28] can be well described by using holographic
DBI magnetoresistance at quantum criticality with hyperscaling violation [29].
It is well known that hyperscaling violating solutions can be generated in the
Einstein-Maxwell-Dilaton (EMD) theory where gravity couples to one real neutral
scalar and one U(1) gauge field [5, 6]. We would like to generalise the simple EMD
theory to involve an arbitrary number of scalars and vectors. We will consider a
bottom-up theory where the theory parameters can be turned continuously at the
level of effective holographic theory. Our motivation are two folds. Firstly, such
kind of theory is common by consistent truncation of various supergravity theories
in higher dimensions [29, 30, 31, 32, 33, 34]. We would like to describe possible
geometries in those general setups. Such theory would then be either embedded in
string theory/supergravity, or asymptotic to AdS. On the other hand, there have
been recently a number of holographic models using multiple vectors and scalars,
as they typically lead to richer physics [35, 36, 37, 38]. For example, multiple U(1)
gauge fields in the bulk will source multiple conserved currents in the dual field
theory. Conductivities in such case have been discussed in [39, 40], although their
physical interpretations are not yet very clear.
We discuss the conditions for the existence of purely scaling geometry in our
theory. It turns out that the existence of scaling solutions in general imposes non-
trivial constraints on theory parameters. Then we use the established formulae to
the special case where the scalars take the standard kinetic term. We can find exact
black brane solutions with arbitrary values of hyperscaling violation exponent θ and
dynamical exponent z.
The rest of the paper is organised as follows. In section 2 we introduce the
gravity theory and derive the equations of motion. Section 3 is devoted to discussing
the hyperscaling violating geometry. We give the conditions for the existence of such
scaling solutions, which in general can not be solved analytically due to the scalar
metric in front of the kinetic terms of scalars. Section 4 presents a set of exact
solutions at extremal case as well as finite temperature case. The constraints on the
parameter range of (θ, z) are discussed in more details. An example from a top-down
setup by using toroidal compactifications is given. We conclude in section 5.
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2. The General Theory and Equations of Motion
We consider an effective gravitational theory that involves an arbitrary number of
scalars and vector fields at the two-derivative level. The action reads
S =
∫
dd+2x
√−g
[
R− 1
2
M∑
i,j=1
Gij(φ)∇µφi∇µφj + V (φ)− 1
4
N∑
I=1
ZI(φ)F
2
I
]
, (2.1)
which contains M scalars φi and N massless vectors AI . We also generalize it a bit
by allowing a non-trivial symmetric metric Gij(φ) for the scalars.
From the action (2.1) we derive the equations of motion for the scalar φi
∇µ
(
M∑
j=1
Gij(φ)∇µφj
)
− 1
2
M∑
j,k=1
∂Gjk(φ)
∂φi
∇µφj∇µφk + ∂V (φ)
∂φi
− 1
4
N∑
I=1
∂ZI(φ)
∂φi
F 2I = 0 ,
(2.2)
and vector AI
∇µ(ZI(φ)F µνI ) = 0 , (2.3)
with i, j, k = 1, . . . ,M and I = 1, . . . , N . The equations of motion for the metric gµν
are given by
Rµν − 1
2
Rgµν =1
2
M∑
i,j=1
Gij(φ)
(
∇µφi∇νφj − 1
2
gµν∇ρφi∇ρφj
)
+
1
2
gµνV (φ) +
1
2
N∑
I=1
ZI(φ)
(
FIµρFIν
ρ − 1
4
gµνF
2
I
)
.
(2.4)
We are interested in the hyperscaling violating solution in the generalised EMD
theory. We further simplify the discussion by specialising to the diagonal scalar
metric case, i.e., only turn on the diagonal metric Gii(φ). We approximate the scalar
couplings have exponential asymptotics as in supergravity,
Gii ∼ e~τi·~φ, V ∼ V0 e−~δ·~φ, ZI ∼ e~γI ·~φ, (2.5)
with V0 a positive constant. Here we have used a vector notation for M scalars with
~φ = (φ1, φ2, · · · , φM). So the theory we are considering depends on (M + N + 1)
M -vectors ~τi, ~γI and ~δ. Those vectors will be related to the scaling exponents of the
solutions, i.e., z and θ.
In this note we focus on the case with two spatial boundary dimensions (d = 2)
for simplicity, but our discussion can be generalised to higher dimensions straight-
forwardly. For the homogeneous and isotropic case the bulk metric as well as matter
part takes the generic form,
ds2 = −D(r)dt2 +B(r)dr2 + C(r)(dx21 + dx22) ,
φi = φi(r), A = AIt(r) dt .
(2.6)
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Substituting the ansatz into the equations of motion (2.2), (2.3) and (2.4), one obtains
the concrete equations of motion for each field.
1√
BDC
(√
D
B
Ce~τi·
~φφ′i
)′
− 1
2B
M∑
j=1
e~τj ·
~φτjiφ
′2
j +
1
2BD
N∑
I=1
e~γI ·
~φγIiA
′2
It− V0δie−~δ·~φ = 0 ,
(2.7)(
e~γI ·
~φ C√
BD
A′It
)′
= 0 , (2.8)
2D′′
D
− 2C
′′
C
−
(
B′
B
− C
′
C
+
D′
D
)
D′
D
+
B′C ′
BC
− 2
D
N∑
I=1
e~γI ·
~φA′2It = 0 , (2.9)
2C ′′
C
−
(
B′
B
+
C ′
C
+
D′
D
)
C ′
C
+
M∑
i=1
e~τi·
~φφ′2i = 0 , (2.10)
D′C ′
DC
+
1
2
C ′2
C2
− 1
2
M∑
i=1
e~τi·
~φφ′2i +
1
2D
N∑
I=1
e~γI ·
~φA′2It −BV0e−~δ·~φ = 0 . (2.11)
Here we have used primes to denote radial derivatives. τji and γIi denote the i-th
component of the vectors ~τj and ~γI , respectively.
3. General Scaling Solutions
We are interested in the hyperscaling violation geometry with the following scaling
ansatz
ds2 = rθ
[
−dt
2
r2z
+
L2 dr2 + d~x2
r2
]
, ~φ = ~κ log r, AIt = AIt(r) , (3.1)
where ~κ is a constant M -vector.
Substituting the above ansatz into (2.8), we find
A′′It −
1− z − ~γ · ~κ
r
A′It = 0, I = 1, . . . , N (3.2)
from which we can determine AIt:
AtI(r) = µI +QI r
2−z−~γI ·~κ, ~γI · ~κ 66= 2− z . (3.3)
Here µI , QI are integration constants. If one of the charge is zero, say QJ = 0,
then the corresponding vector field AJ is trivial and the resulted theory is described
by the same theory as (2.1) but with (N − 1) vectors. It gives nothing new and
therefore we consider the case with all charges non-vanishing. There is a special case
with ~γI · ~κ = 2 − z in which we instead obtain a gauge field that is logarithmically
– 4 –
running. If we consider the special case ~γI ·~κ = 2−z for which AtI(r) = µI +QI log r
and assume this kind of solutions dominate the geometry, from (2.9) we can easily
find that QI = 0.
From (2.9) we obtain
2(z − 1)(z + 2− θ)−
N∑
I=1
r4−θ−~γI ·~κ(z − 2 + γI · ~κ)2Q2I = 0 . (3.4)
Since we want to keep all charges QI non-vanishing and in order for them to con-
tribute at the same order, the natural way to satisfy (3.4) is to set
~γI · ~κ = 4− θ , ∀ I , (3.5)
from which we further obtain
N∑
I=1
Q2I =
2(z − 1)
z + 2− θ . (3.6)
Notice that the condition ~γI · ~κ 66= 2− z demands (θ − z − 2) 6= 0.
From (2.10) we obtain
(θ − 2)(θ + 2− 2z)−
M∑
i=1
r~τi·~κκ2i = 0 , (3.7)
where κi is the i-th component of the vector ~κ. We use A,B, . . . to denote the
position of non-zero components of ~κ and a, b, . . . the position of zero components of
~κ. Then depending on whether the component κi is zero or not, we distinguish two
cases:
• In the position A of ~κ with the component κA 6= 0, we should demand
~τA · ~κ = 0 . (3.8)
• In the position a of ~κ with κa = 0, there is no constraint on ~τa · ~κ from (3.7).
Then we have the relation∑
A
κ2A =
M∑
i=1
κ2i = ~κ
2 = (θ − 2)(θ + 2− 2z) . (3.9)
Taking advantage of (3.4) and (3.7), we can find the following relation by us-
ing (2.11).
L2 V0 r
θ−~δ·~κ − (z − θ + 1)(z − θ + 2) = 0 , (3.10)
which then gives
~δ · ~κ = θ, L2 = (z − θ + 1)(z − θ + 2)
V0
. (3.11)
– 5 –
Using (3.3), (3.5) and (3.11), the scalar equations (2.7) give
2(θ−z−2+~τi ·~κ)r~τi·~κ κi−
M∑
j=1
r~τj ·~κτji κ2j−2L2 V0 δi+(θ−z−2)2
N∑
I=1
Q2I γIi = 0 . (3.12)
They are M coupled equations and can be further simplified in the following way:
• If we choose i such that κi 6= 0, we obtain
~τA · ~κ =
∑
A
τAκA = 0 ,
κA − (θ − z − 1) δA + (θ − z − 2)
2
N∑
I=1
Q2I γIA −
1
2(θ − z − 2)
∑
B
τBA κ
2
B = 0 .
(3.13)
Note that we have used A,B to denote the position of the non-zero components
of ~κ. If there is only one scalar in which the vector ~τ1 is now a constant number
τ1, the way to satisfy the above relations is to set τ1 = 0.
• On the other hand, when i = a with κa = 0, we obtain
−(θ− z− 1) δa + (θ − z − 2)
2
N∑
I=1
Q2I γIa−
1
2(θ − z − 2)
∑
B
τBa κ
2
B = 0 . (3.14)
Two sets of relations (3.13) and (3.14) are non-linear equations for κi after we intro-
duce non-trivial metric Gii(φ) into the action (2.1).
To sum up, we obtain the hyperscaling violating geometry if there is a consistent
solution of (z, θ, L2, QI , ~κ) that satisfy
~γI · ~κ = 4− θ ,∀ I , ~δ · ~κ = θ ,
N∑
I=1
Q2I =
2(z − 1)
z + 2− θ ,
~κ2 = (θ − 2)(θ + 2− 2z) , L2 = (z − θ + 1)(z − θ + 2)
V0
,
(3.15)
as well as constraints from scalar equations (3.13) and (3.14). Note that in the
presence of M vectors ~τi we in general do not have an analytic solution.
3.1 Scaling solutions with ~τ1 = ... = ~τM
In this part we focus on a simple case with ~τ1 = ... = ~τM = ~τ . Then from (3.7) we
obtain
~τ · ~κ = 0 . (3.16)
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Using this condition as well as (3.15), the scalar equations (3.12) are deuced to
~κ = (θ − z − 1)~δ − 1
2
(θ − z − 2)
∑
I
Q2I ~γI +
(θ − 2)(θ + 2− 2z)
2(θ − z − 2) ~τ . (3.17)
Substituting ~κ into the first two equations of (3.15) and using (3.16), we obtain the
following relations.
(θ − z − 1)~δ · ~δ − 1
2
(θ − z − 2)
∑
I
Q2I ~γI · ~δ +
(θ − 2)(θ + 2− 2z)
2(θ − z − 2) ~τ ·
~δ = θ , (3.18)
(θ−z−1)~δ ·~γI− 1
2
(θ−z−2)
∑
J
Q2J ~γI ·~γJ +
(θ − 2)(θ + 2− 2z)
2(θ − z − 2) ~τ ·~γI = 4−θ , (3.19)
(θ − z − 1)~δ · ~τ − 1
2
(θ − z − 2)
∑
I
Q2I ~γI · ~τ +
(θ − 2)(θ + 2− 2z)
2(θ − z − 2) ~τ · ~τ = 0 , (3.20)
where the last one is from (3.16) and should be considered as a non-trivial constraint
on ~τ . We can in principle determine (z, θ,QI) from above three sets of conditions
together with
N∑
I=1
Q2I =
2(z − 1)
z + 2− θ . (3.21)
To solve those equations we introduce
XIJ = ~γI ·~γJ , XI = ~δ·~γI , YI = ~τ ·~γI , X0 = ~δ·~δ , Y0 = ~τ ·~δ , Z0 = ~τ ·~τ , (3.22)
and assume that the matrix XIJ is reversible with its inverse X
−
IJ . Then the charge
QI can be determined from (3.19):
Q2I =
2(θ − z − 1)
θ − z − 2
∑
J
X−IJXJ +
(θ − 2)(θ − 2z + 2)
(θ − z − 2)2
∑
J
X−IJYJ +
2(θ − 4)
θ − z − 2
∑
J
X−IJ .
(3.23)
On the other hand, in the case where XIJ does not have an inverse, for each zero
eigenvector ~ξ, we obtain an equation on (θ, z) which does not involve the charges:
(z + 1− θ)
N∑
I=1
XIξI =
(θ − 2)(θ + 2− 2z)
2
N∑
I=1
YIξI + (θ − 4)
N∑
I=1
ξI , (3.24)
with ξI the I-th component of ~ξ. Nothing special happens in the case of a single zero
eigenvector and (3.24) is one of the constraints on (θ, z). If the matrix XIJ has two
or more eigenvectors, unless the ratios
∑
I XIξI∑
I ξI
,
∑
I YIξI∑
I ξI
are the same for all such zero
eigenvectors, the only possible way is to choose (θ = 4, z = 3). However, such value
should be excluded because it gives ~κ2 = 0 as can be seen from (3.15).
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Substituting (3.23) into (3.19), (3.20) and (3.21), we obtain
(θ − z − 1)W1 + (θ − 2)(θ − 2z + 2)
2(θ − z − 2) V1 + (θ − 4)W0 = 1− z , (3.25)
(4− θ)W1 − (θ − z − 1)(W2 −X0)− (θ − 2)(θ − 2z + 2)
2(θ − z − 2) (V2 − Y0) = θ , (3.26)
(4− θ)V1 − (θ − z − 1)(V2 − Y0)− (θ − 2)(θ − 2z + 2)
2(θ − z − 2) (U2 − Z0) = 0 . (3.27)
Here we have defined the following scalar combination:
W0 =
∑
I,J
X−IJ , W1 =
∑
I,J
X−IJXJ , W2 =
∑
I,J
XIX
−
IJXJ ,
V1 =
∑
I,J
X−IJYJ , V2 =
∑
I,J
XIX
−
IJYJ , U2 =
∑
I,J
YIX
−
IJYJ .
(3.28)
Two scaling components (θ, z) can be solved exactly from (3.25) and (3.26).
However, the solutions are too complicated to give any useful information. We stress
out that the resulted solution should further satisfy (3.16) or equivalently (3.27).
This in turn imposes some constraint on the choice of ~τ . It is difficult to determine
the exact conditions for ~τ such that the value of (θ, z) solved from (3.25) and (3.26)
is real and other equations are compatible with this value. We instead give a simple
choice of ~τ as an example in the next section.
4. Analytic Solutions
After establishing general results on the properties of purely hyperscaling violating
solutions, we apply the previous formulae to the special case by choosing ~τ = 0. We
will present a set of exact hyperscaling violating solutions and then discuss in details
the physical constraints on (θ, z) in order to give a well defined holographic ground
state solution.
Two equations (3.25) and (3.26) are simplified significantly as ~τ = 0, which can
be written as(
W1 +W0 1−W1
W2 +W1 −X0 + 1 X0 −W2
)(
θ
z
)
=
(
W1 + 4W0 + 1
W2 + 4W1 −X0
)
. (4.1)
We find that the non-linear terms of (θ, z) disappear and the constraint (3.27) be-
comes trivial as ~τ = 0. The solution is given by
θ =2
2W1(1−W1) + (1 + 2W0)W2 −X0(1 + 2W0)
1−W 21 + (1 +W0)W2 −X0(1 +W0)
,
z =
1 + 4W0 + 2W1 +W2 − 3W 21 + 3W0W2 −X0(1 + 3W0)
1−W 21 + (1 +W0)W2 −X0(1 +W0)
,
(4.2)
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when the coefficient matrix in the left hand side of (4.1) is reversible, which means
the denominator in (4.2) is non-vanishing. Otherwise, there is no solution of (4.1).
After obtaining (θ, z) as given in (4.2), other parameters of the hyperscaling
violating solution (3.1), (~κ, L2, QI), can be determined from (3.15) and
~κ = (θ − z − 1)~δ − 1
2
(θ − z − 2)
∑
I
Q2I ~γI ,
Q2I =
2(θ − z − 1)
θ − z − 2
∑
J
X−IJXJ +
2(θ − 4)
θ − z − 2
∑
J
X−IJ .
(4.3)
So far, a kind of exact hyperscaling violating solutions are in principle completely
determined.
4.1 Constraints on the parameter space of (θ, z)
Note that the hyperscaling violating geometry (3.1) suffers from curvature and null
singularities for general values of (θ, z). To ensure that the background can be
taken to describe a well defined ground state, we should impose some necessary
constraints to restrict the parameter space of the scaling exponents (or equivalently
theory parameters).
• To have a well defined solution, (L2, ~τ 2, Q2I) of (3.15) should be positive, which
demands
(z−θ+1)(z−θ+2) > 0, (z−1)(z+2−θ) > 0, (θ−2)(θ+2−2z) > 0 . (4.4)
It is reasonable to impose the null energy condition. However, it turns out that
the condition (4.4) is much stronger than the null energy condition. 1
• We require the (t, ~x) components of the metric to scale the same way with r
(θ − 2)(θ − 2z) > 0 , (4.6)
such that the IR region is unambiguous. The IR can be located at either r → 0
or r →∞, which depends on where the (t, ~x) metric elements vanish:
IR r → 0 : θ > 2, θ > 2z ,
IR r →∞ : θ < 2, θ < 2z . (4.7)
1The null energy condition for the hyperscaling violation geometry (3.1) is given by
(z − 1)(z + 2− θ) > 0, (θ − 2)(θ + 2− 2z) > 0 . (4.5)
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• In order to resolve the singularity, we follow Gubser’s physicality criterion [5,
41], which requires the temperature deformation of the metric (3.1) to be rele-
vant. The temperature deformation in present case with ~τ = 0 can be obtained
as follows. We turn on the temperature deformation as
ds2 = rθ
(
−f(r)dt
2
r2z
+
L2dr2
r2f(r)
+
dx2 + dy2
r2
)
, (4.8)
and find f(r). By substituting (4.8) into the equations of motion (2.7)-(2.11)
and using the relations (3.15) as well as ~τ = 0, we obtain the equation of motion
for f(r),
f ′(r)− z + 2− θ
r
f(r) +
z + 2− θ
r
= 0 , (4.9)
from which we can determine its configuration
f(r) = 1 + ζ r2+z−θ , (4.10)
with ζ an arbitrary constant. Demanding the temperature deformation (4.10)
to be relevant, we arrival at the following constraint:
IR r → 0 : 2 + z − θ < 0 ,
IR r →∞ : 2 + z − θ > 0 . (4.11)
The allowed parameter space is given by combing all above conditions:
IR r → 0 : [z 6 0, θ > 2], [0 < z < 1, θ > z + 2] ,
IR r →∞ : [1 < z 6 2, θ < 2z − 2], [z > 2, θ < 2] . (4.12)
We present the corresponding parameter range in figure 1.
For a black brane solution with the horizon located at rh, one should demand
f(rh) = 0. Therefore, we can fix the integration constant,
f(r) = 1−
(
r
rh
)2+z−θ
. (4.13)
The temperature associated with (4.13) is given by
T =
|z + 2− θ|
4piL
r−zh . (4.14)
We stress out that the black brane solution (4.8) with (4.13) is valid only for the case
~τ = 0. In others cases with general ~τi, although the black brane solution (4.8), (4.13)
satisfies the Einstein equations (2.9)-(2.11) and vector equations (2.8), it breaks down
in the scalar equations (2.7) due to the non-trivial scalar couplings with the kinetic
term for each scalar φi.
– 10 –
-5 0 5
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0
5
10
z
Θ
Figure 1: Parameter space for θ and z that satisfies all the constraints to have a well
defined holographic ground state solution. The blue region on the upper left corresponds
to the geometry with the IR located at r → 0, and the lower right red region is the case
with IR at r →∞.
In the deep IR each vector AI generates a non-zero flux,
1
4pi
∫
R2
ZI(φ)
?FI = −ω(2)
4pi
ZI(φ)
C(r)A′It√
B(r)D(r)
=
z + 2− θ
4piL
QI ω(2) , (4.15)
with ω(2) the volume of the spatial section of the metric. Therefore, the hyperscaling
violating geometry we obtained with QI 6= 0 describes the quantum criticality at
fractionalized phases.
4.2 A top-down example
As a simple example, in this part we consider a top-down setup. We begin with a
D-dimensional closed string action (D > 5) in the string frame [44],
Sclosed =
∫
dDx
√
gσ e
−2Φ
[
R+ 4(∇Φ)2 − H
2
12
− e
2Φ
4
F 2c + V0 + · · ·
]
, (4.16)
where H = dB2 is the field strength of the NS two-form and Fc = dC is a RR field
strength.
On compactifing the theory to 4 dimensions on a manifold with linear dimension
R, we obtain
Sclosed =
∫
d4x
√
gσ e
−χ
[
R+(∇χ)2− (∇R)
2
R2
−R
2
4
F 2g −
1
4
F 2B−
eχRD−4
4
F 2c +V0 +· · ·
]
,
(4.17)
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where we have introduced
e−χ = RD−4 e−2Φ . (4.18)
Mapping (4.17) to the Einstein frame
gσ = e
χ gE , (4.19)
and defining
φ1 =
1√
3
(−χ+ 2 logR), φ2 =
√
2
3
(χ+ logR) , (4.20)
we arrival at the theory
Sclosed =
∫
d4x
√
gE
[
RE − 1
2
[
(∂φ1)
2 + (∂φ2)
2
]− e√3φ1
4
F 2g −
e
φ1−
√
2φ2√
3
4
F 2B
−e
D−4√
6
(
√
2φ1+φ2)
4
F 2c + V0 e
−φ1+
√
2φ2√
3 + · · ·
]
.
(4.21)
So we obtain a top-down theory with two scalars and three massless vectors.
We can apply our previous discussion to look for hyperscaling violating geometries
in present setup (4.21). We find that the scaling solution with three non-vanishing
charges associated with three vectors is not allowed. However, we do obtain non-
trivial hyperscaling violating geometries by consistently setting Fg = FB = 0. More
precisely, we obtain
θ = D2 − 8D + 20, z = −1 , (4.22)
and
~κ =
(
3 +D(z − 1)− 5z + θ√
3
,
D(z − 1)− 2(θ + z − 3)√
6
)
,
L2 =
(D2 − 8D + 19)(D2 − 8D + 20)
V0
, Q2c =
4
D2 − 8D + 19 .
(4.23)
We notice that the values of (θ, z) given in (4.22) satisfy the Gubser bound as shown
in figure 1.
5. Conclusion and Discussion
In this paper we have considered a generalised Einstein-Maxwell-Dilaton system
which involves gravity coupled with an arbitrary number of scalars and vector fields.
We discussed the hyperscaling violating geometry in this theory and derived the gen-
eral conditions for the existence of such quantum critical geometry driven by running
scalars.
In a particular case where the kinetic term of each scalar takes the standard
form, 1
2
(∂φ)2, we can obtain a set of analytic solutions with arbitrary hyperscaling
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violation exponent θ and dynamical exponent z, see (4.2). The corresponding black
brane solutions can be found exactly by turning on a blackness function (4.13). Since
the extreme geometry (3.1) has typically naked singularities, we also incorporated
the development of the Gubser criterion for the acceptability of a naked singularity.
The allowed parameter range for (θ, z) to resolve the singularity is presented in (4.12)
and figure 1. As one can see that in the solutions we obtained the charges are fully
determined by (~γI , ~δ, V0) and therefore are not tunable. These solutions could at best
be thought of as the near extremal approximations to general solutions. 2
We have focused on the hyperscaling violating geometries and therefore consid-
ered the scalar potential and kinetic functions that are chosen to be simple expo-
nentials. Nevertheless, to adopt the standard holographic dictionary and ensure a
UV CFT, one should embed these solutions in AdS spacetime. Therefore, the full
background is described by gravitational solutions that are hyperscaling violation in
the IR and asymptotically approach AdS in the UV. This can be done by modifying
the coupling functions appropriately such that the scalars settle down to a constant
at the AdS boundary.
In this paper we considered an effective theory with many scalars and vectors
at the two-derivative level. We limit ourselves to a simple scalar manifold, which
limits its applicability in the supergravity context. It is known that in supergravity
context scalars often live on manifolds endowed with some group-theoretic structure.
We gave a simple top-down example in subsection 4.2. However, in order to allow
a robust set of embeddings into top-down models, it is interesting to consider the
most general scalar manifold. For instance, it is of some interest to choose one that
appears in supergravity to look for analytic solutions that dual to hyperscaling phases
in ABJM theory [45]. 3 We will leave them for future studies.
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